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The paper presents an approach to passive vibration control of shear deformable and thin plates. The ﬁrst of two meth-
ods of vibration control employs prestressed shape memory alloy (SMA) wires embedded in sleeves attached to the surface
of the plate. The spacing between the wires can be arbitrary and variable enabling the development of a SMA support
system for maximum control with minimum additional weight. The other method considered in the paper utilizes SMA
wires supporting the plate at strategically selected points. The mechanism of passive control includes two components:
(1) SMA wires prestressed as a result of constrained phase transformation act as an elastic foundation with a variable stiﬀ-
ness and (2) energy dissipation occurs as a result of hysteresis in superelastic wires vibrating together with the structure. As
follows from examples, it is possible to achieve a signiﬁcant reduction of the vibration amplitude over a broad spectrum of
driving frequencies using any of two methods considered in the paper.
 2007 Elsevier Ltd. All rights reserved.
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Shape memory alloy (SMA) elements have been considered for control of vibrations as well as for the
enhancement of stability of composite and metallic plates by numerous investigators. The early work in this
direction was reviewed by the author (Birman, 1997a). In general, a reduction of vibration amplitudes using
SMA can be achieved through two mechanisms. SMA ﬁbers or wires prestressed through a phase transforma-
tion apply tensile forces to the structure increasing its eﬀective stiﬀness. If SMA elements operate in the super-
elastic regime, signiﬁcant energy dissipation reﬂected in a large hysteresis loop also results in a reduction of
dynamic deformations.
The method used to reduce dynamic response or enhance stability is often based on embedding SMA ﬁbers
within the structure. Some of the studies concerned with embedding SMA ﬁbers bonded to the composite sub-
strate are referred to in the paper of Birman (1997a); a comprehensive review of this subject is outside the scope0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2007.08.023
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SMA and the substrate were initiated by Baz and his collaborators. For example, multiple dynamic problems of
composite structures reinforced with such wires in sleeves were considered by Baz et al. (1995) and Ro and Baz
(1995). Embedding SMA wires in sleeves provides a number of advantages, including an ease of activation and
a reduction of the eﬀect of temperature changes in the wire on the adjacent composite structure. A further
improvement can be achieved by placing the sleeves outside the structure, i.e. bonding them to the surface,
rather than embedding within the structure (Epps and Chandra, 1997). SMA wires in sleeves that are externally
bonded to the structure serve as an equivalent elastic foundation resisting deﬂections of the structure.
The dissipation of energy in a superelastic SMA wire also results in a reduction of the dynamic response
(Thomson et al., 1995; Ip, 2000; Zhang et al., 2003). The area of the hysteresis loop of SMA is large but
the complete hysteresis can be achieved only if the range of strains reaches several percents. Although such
large range of strain is unlikely in plates and shells, dampers utilizing the complete superelastic hysteresis have
been considered for civil engineering applications (Saadat et al., 2002; Seelecke et al., 2002) and in spring-mass
isolation systems (Lagoudas et al., 2004). In the present problem, superelastic wires undergo an incomplete
hysteresis (inner or internal hysteresis loop). Accordingly, the dissipation of energy may be a secondary eﬀect
in the control of forced vibrations compared to the resistance of stretched wires to deﬂections of the structure.
Nevertheless, the following solution accounts for both phenomena since the contribution of hysteretic damp-
ing may become dominant if the driving frequency is close to the resonant frequency of the structure with pre-
stressed SMA wires (detailed discussion of this subject is presented below in Section 3.1).
It should be noted that SMA wires represent an alternative to prestressed steel wires. One of the advantages
of SMA wires is related to the possibility to activate them on the ‘‘as needed’’ basis. Accordingly, the recovery
force is applied by such wire to boundary structures only when the supported structure is subject to external
loads whose action should be compensated. In the contrary, a prestressed steel wire should be maintained in
the ‘‘active’’ state throughout the life of the structure. In addition, it is noted that it is possible to activate a
SMA wire by raising temperature below the austenite ﬁnish value achieving a partial phase transformation.
This feature may provide certain ﬂexibility related to ‘‘shifting’’ the natural frequencies of the SMA-reinforced
structure away from the driving frequency.
The solution presented in the paper refers to a shear deformable composite plate analyzed by a ﬁrst-order
theory. The particular case of a thin plate treated by the classical plate theory is also presented.
2. Analysis
Consider a shear deformable rectangular plate with SMA wires in sleeves bonded to one of the surfaces as
shown in Fig. 1. SMA wires can freely slide along the sleeves, i.e. friction is negligible. One of the advantages
of such design compared to embedding SMA ﬁbers in sleeves within the structure is related to the ease of
manufacture. In addition, external sleeves do not compromise the integrity of the composite structure as may     0                                                           a                              x 
( )ylx
Nonuniformly distributed 
b        sleeves with SMA wires
  y               ( )xl y
              Plate 
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Fig. 1. SMA wires in sleeves bonded with a variable spacing providing a larger support at the central part of the plate. A detail of the cross
section with a SMA wire that is free to slide along the sleeve is also shown.
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solved in the conﬁguration considered here. It is assumed that the stiﬀness of the sleeve material is small, i.e. the
sleeves do not aﬀect thematrix of stiﬀnesses of the plate. If necessary, this requirement can be enforced by cutting
the sleeves at periodic, closely spaced intervals. In the unlikely case where it is necessary to account for the con-
tribution of the sleeves, their stiﬀness can be incorporated in the analysis using either the standard discrete stiﬀ-
ener approach or the smeared stiﬀeners technique if the spacing between the sleeves is small (Birman, 1997b). The
contribution of the sleeves and SMA wires to the inertial coeﬃcients is included in the present solution.
Prior to the installation, a SMA wire is cooled so that the material is transformed into martensite and
stretched to a required length. Subsequently, it is inserted in the sleeves and constrained by joining it to the
supporting structure. As temperature returns to the operational level corresponding to the austenitic phase
of SMA, the wire is in tension as a result of constrained recovery, while the supporting structure resists the
reactive forces. Such approach has been introduced and applied in numerous studies; some of them are
referred to in Introduction. As is shown in Fig. 1, two mutually perpendicular systems of wires oriented along
the edges of the plate overlap. Several methods of design of such overlapping systems could be suggested but
these details are outside the scope of this paper (of course, desirable results could also be achieved using a sin-
gle system of wires oriented along either x or y directions).
As was shown by Epps and Chandra (1997) on the example of a beam, the eﬀect of a stretched wire that can
freely slide within the sleeve continuously bonded to the vibrating structure is equivalent to that of an elastic
foundation with the stiﬀness varying along the axis of the wire. In the present paper, we formulate the problem
of an optimal distribution of SMA wires bonded to the plate either continuously or at selected points with the
goal of reducing the dynamic response to a prescribed level. The approach considered in the paper provides
the following advantages:
1. Optimizing the distribution of SMA wires (or attaching the sleeves to the plate at appropriately selected
points) it is possible to minimize the number of wires and maximize their eﬀectiveness, while reducing
the reactive force that is applied to the supporting structure.
2. The wires located in the sleeves outside the body of the plate can be activated thermally on the ‘‘as needed’’
basis, without signiﬁcant heat transfer to the plate. Accordingly, the reactive force applied to the supporting
structure will be generated only during time intervals when the plate experiences signiﬁcant vibrations.
As is noted above, the amplitude of forced vibrations of the plate is reduced due to two mechanisms:
1. The ‘‘elastic foundation’’ or ‘‘elastic supports’’ provided by stretched SMA wires;
2. Superelastic hysteresis in a SMA wire when it experiences vibrations. The strain range of a typical vibrating
structure being relatively small compared to the range needed for a complete hysteresis loop in such SMA
as Nitinol, it is anticipated that the wire experiences an incomplete hysteresis.
2.1. SMA wires in sleeves continuously bonded to the plate
The plate considered in the analysis is assumed symmetric about its middle plane. Accordingly, the equa-
tions of motion can be obtained as an extension of the equations for a shear deformable plate without an elas-
tic foundation presented in numerous references, such as the monograph of Reddy (2004):A55ðw;xx þ /x;xÞ þ A44ðw;yy þ /y ;yÞ  ½k1ðx; yÞ þ k2ðx; yÞwþ qðx; y; tÞ ¼ mðx; yÞ€wþ ½c1ðxÞ þ c2ðyÞ _w
D11/x;xx þ D66/x;yy þ ðD12 þ D66Þ/y ;xy  A55ðw;x þ /xÞ ¼ Iðx; yÞ€/x
D22/y ;yy þ D66/y ;xx þ ðD12 þ D66Þ/x;xy  A44ðw;y þ /yÞ ¼ Iðx; yÞ€/y
ð1Þwhere w is a dynamic deﬂection, /x, /y are rotations of the normal to the plate surface, the extensional (Aij)
and bending (Dij) stiﬀness coeﬃcients are deﬁned in the customary manner and q is the applied dynamic
pressure. The stiﬀness terms A44, A55 incorporate the shear correction factor. The stiﬀness of the equivalent
elastic foundation produced by the systems of wires oriented in the y and x directions are denoted by
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sponding systems of wires. The derivation of k1(x,y), k2(x,y) and c1(x), c2(y) is shown below.
The transverse inertial term includes the mass per unit surface area of the plate that can be calculated
accounting for the weight of sleeves and wires and using the analogy to the smeared stiﬀeners technique:mðx; yÞ ¼ qphþ
qwAy þ qsAsy
ly
þ qwAx þ qsAsx
lx
; ð2Þwhere qp, qw and qs denote the mass density of the plate, wire and sleeve materials, respectively, h is the thick-
ness of the plate, and ly = ly(x) and lx = lx(y) are spacings of the systems of wires oriented in the y and x direc-
tions, respectively. The cross sectional areas of the wires oriented in the y and x directions and the cross
sectional areas of the sleeves encompassing these wires are denoted by Ay, Ax, Asy and Asx, respectively.
The rotational inertia can also be evaluated ‘‘smearing’’ the wires in sleeves over the surface of the plate, so
thatIðx; yÞ ¼
Z
qpz
2 dzþ qwIy þ qsI sy
ly
þ qwIx þ qsI sx
lx
: ð3ÞIn (3), the integration is conducted through the thickness of the plate, while Iy, Isy, Ix, Isx denote the moments
of inertia of respective wires and sleeves oriented in the y and x directions about the middle plane of the plate.
The damping coeﬃcient of a system of wires can be determined in terms of the coeﬃcient of a single wire
Cw. Then the smeared damping produced by the systems of wires oriented in the y and x directions isc1 ¼ Cwyly c2 ¼
Cwx
lx
; ð4Þwhere Cwy and Cwx represent damping produced in a single wire oriented in the y and x directions,
respectively.
In the areas of the plate where the distance between the wires is large smearing the inertial and damping eﬀects
may become inaccurate so that each wire has to be accounted for individually. This can be accomplished by
replacing the spacing in (2)–(4) with aDirac delta function, so that 1lx ! dðy yjÞ; 1ly ! dðx xiÞ, xi and yj being
the coordinates of the corresponding wire.
The stiﬀness of the foundation modeling the eﬀect of a system of wires is now derived expanding the solu-
tion for a single wire by Epps and Chandra (1997). The bending stiﬀness of the wire could be accounted for but
it is negligible in realistic design applications. The bending moment acting at a cross section x = n of a wire
oriented in the x-direction, stretched by a tensile force T and subject to a concentrated force Q as shown in
Fig. 2 isM ¼ Qða nÞ
a
x Tw ½Qðx nÞxPn: ð5ÞThe negligible bending stiﬀness of the wire implies that this moment is equal to zero. Accordingly, the deﬂec-
tion of the wire at the point of application of the force iswðx ¼ nÞ ¼ Qða nÞn
Ta
: ð6Þ      Q 
T         T 
      x 
          a  
Fig. 2. SMA wire subject to a concentrated force Q at x = n.
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available using the smearing technique:Fig. 3.
plate sk2ðx; yÞ ¼ Qwðx ¼ nÞlya ¼
T
ða xÞxly : ð7ÞBy analogy,k1ðx; yÞ ¼ Tðb yÞylx
: ð8ÞIn the regions of the plate with sparsely located wires, the corresponding stiﬀness terms can be adjusted replac-
ing the spacing with the Dirac delta function as explained above. The evaluation of damping in a wire as a
result of incomplete superelastic hysteresis is discussed in Section 2.2.
It is noted that the recovery force in SMA wires does not remain constant during the motion. Vibrations of
wires result in small-amplitude axial displacements and accordingly, dynamic components superimposed on
the static force T. However, in a linear problem, such dynamic components remain negligible compared to
a large static recovery force in the wire.
Note that for practical manufacturing reasons it may be convenient to cut the sleeves at some distance from
the boundaries supporting only the central section of the plate where vibrations are maximum. In this case the
boundaries of the region of the plate supported by prestressed wires are a1 < x < a2, b1 < y < b2 as reﬂected in
Fig. 3. The correction to the inertial term can be disregarded, if the supported region is extended close to the
edges of the plate.
The elastic foundation provided by SMA wires does not aﬀect the boundary conditions of the plate.
Accordingly, if the edges of the plate are supported by stringers that posses inﬁnite bending and axial stiﬀness
and a negligible torsional stiﬀness, the corresponding conditions arex ¼ 0; x ¼ a :
w ¼ 0; /y ¼ 0; Mx ¼ D11ðw;xx þ /x;xÞ þ D12ðw;yy þ /y ;yÞ ¼ 0
y ¼ 0; y ¼ b :
w ¼ 0; /x ¼ 0; My ¼ D12ðw;xx þ /x;xÞ þ D22ðw;yy þ /y ;yÞ ¼ 0:
ð9ÞIt is evident that conditions (9) are identically satisﬁed by the solution in the forma1           a2                   a            x 
b1
b2
  b 
  y 
Detail (shown without boundaries): 
             Plate
a1
a2     SMA wire 
a    Sleeve 
Plate supported by SMA wires in sleeves within the region a1 < x < a2, b1 < y < b2. Solid lines identify wires in the region of the
upported by the sleeves. Dashed lines are wires in the unsupported regions.
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X
m;n
W mnðtÞ sinmpxa sin
npy
b
/x ¼
X
m;n
HmnðtÞ cos mpxa sin
npy
b
/y ¼
X
m;n
RmnðtÞ sin mpxa cos
npy
b
:
ð10ÞThe substitution of (10) into (1) where the applied pressure of frequency x is represented by
q ¼Pm;nqmn sin mpxa sin npyb sin xt and the application of the Galerkin procedure yields a system of coupled
algebraic equations with respect to the amplitudes of the terms in series (10):X
r;s
Mrsmn 0 0
0 I ð1Þrsmn 0
0 0 I ð2Þrsmn
2
64
3
75
€W rs
€Hrs
€Rrs
8><
>:
9>=
>;þ
X
r;s
Crsmn 0 0
0 0 0
0 0 0
2
64
3
75
_W rs
_Hrs
_Rrs
8><
>:
9>=
>;þ
X
r;s
Krsmn 0 0
0 0 0
0 0 0
2
64
3
75
W rs
Hrs
Rrs
8><
>:
9>=
>;
þ
F ð11Þmn F
ð12Þ
mn F
ð13Þ
mn
F ð12Þmn F
ð22Þ
mn F
ð23Þ
mn
F ð13Þmn F
ð23Þ
mn F
ð33Þ
mn
2
64
3
75
W mn
Hmn
Rmn
8><
>:
9>=
>; ¼
X
rs
qrsmnðtÞ
0
0
8><
>:
9>=
>;;
ð11Þwhere the coeﬃcients areMrsmn ¼ 4ab
Z a
0
Z b
0
mðx; yÞSrmðxÞSsnðyÞdy dx
I ð1Þrsmn ¼
4
ab
Z a
0
Z b
0
Iðx; yÞCrmðxÞSsnðyÞdy dx
I ð2Þrsmn ¼
4
ab
Z a
0
Z b
0
Iðx; yÞSrmðxÞCsnðyÞdy dx
Crsmn ¼ 4ab
Z a2
a1
Z b2
b1
½c1ðxÞ þ c2ðyÞSrmðxÞSsnðyÞdy dx
Krsmn ¼ 4ab
Z a2
a1
Z b2
b1
½k1ðx; yÞ þ k2ðx; yÞSrmðxÞSsnðyÞdy dx
qrsmnðyÞ ¼
4
ab
Z a
0
Z b
0
qðx; y; tÞSrmðxÞSsnðyÞdy dx
F ð11Þmn ¼ A55
mp
a
 2
þ A44 npb
 2
F ð12Þmn ¼ A55
mp
a
F ð13Þmn ¼ A44
np
b
F ð22Þmn ¼ D11
mp
a
 2
þ D66 npb
 2
F ð23Þmn ¼ ðD12 þ D66Þ
mp
a
np
b
F ð33Þmn ¼ D66
mp
a
 2
þ D22 npb
 2
:
ð12ÞIn (12),SrmðxÞ ¼ sin rpxa sin
mpx
a
CrmðxÞ ¼ cos rpxa cos
mpx
a
:
ð13Þ
326 V. Birman / International Journal of Solids and Structures 45 (2008) 320–335Other similar functions are deﬁned by analogy with those in (13); if x is replaced with y, a should be replaced
with b.
The integrals that appear in (12), including Krsmn, can be evaluated using a symbolic math program, such as
Mathematica. In case where the frequency of the driving pressure is close to the fundamental frequency of the
plate so that the analysis can adequately be conducted using a one-degree of freedom approximation, the inte-
grals Krsmn are evaluated in terms of sine and cosine integral functions. For example, if r = m = 1 and the
sleeves oriented in the x-direction are bonded to the plate within the region a1 6 x 6 a2,Fig. 4.
identiﬁ
oscillaZ a2
a1
k2ðx; yÞSrmðxÞdx ¼ Taly
Z a2
a1
sin2 pxa
ða xÞx dx
¼ Ta
ly
log a2log a1
2a  logða2aÞlogða1aÞ2a  12a Ci 2pa2a
  Ci 2pa1a þ Ci 2pa2a  2p  Ci 2pa1a  2p  n o: ð14Þ
The evaluation of integrals Crsmn does not present diﬃculties if the equivalent damping is determined as shown
in Section 2.2. Other integrals in (12) can also be calculated.
A relatively simple approximate solution can be obtained by the Rayleigh–Ritz method. Such solution may
lead to approximate expressions for the amplitudes of motion that are convenient for a qualitative analysis of
the eﬀect of SMA wires. An example of the Rayleigh–Ritz solution for an isotropic beam supported by a sys-
tem of wires oriented in the axial direction is shown in the Appendix.
2.2. Equivalent viscous damping for a SMA wire
The equivalent viscous damping of a system of SMA wires reﬂects the dissipation of energy due to a com-
plete or partial phase transformation of the wire material during vibrations. Note that a typical strain range
corresponding to the complete hysteresis is of an order of several percent (Seelecke et al., 2002; Zak et al.,
2003), i.e. it requires the motion with exceedingly large amplitudes that are not encountered in structural appli-
cations involving composite plates. Therefore, it is anticipated that the wire will experience a partial transfor-
mation during vibrations corresponding to the range of strain 2De as shown in Fig. 4.
A wire in the sleeve that is continuously bonded to the plate is shown in Fig. 3. This section illustrates the
computation of damping produced by a system of wires parallel to the y-axis, i.e. c1(x); the contribution to
damping of wires oriented in the x-direction is found through the analogous procedure.Dissipation of energy in a prestressed SMA wire vibrating with a prescribed strain range (the corresponding inner hysteresis loop is
ed). The range of strains being prescribed, the area of the loop (energy dissipated during the cycle of motion) remains stable during
tions. Modiﬁed ﬁgure from Saadat et al. (2002).
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the previous iteration. In the ﬁrst iteration it is possible to determine deﬂections from the solution neglecting
the eﬀect of damping. At any iteration the motion of a wire located at x ¼ x is given by
w ¼Pm;nW mnðtÞ sin mpxa sin npyb . The energy dissipated in the wire during the cycle can be evaluated from the
incomplete superelastic hysteresis loop (inner loop) similar to that shown in Fig. 4 using the range of strain
speciﬁed in the previous iteration. This range is immediately available from2De ¼ 2 1
2b
Z b
0
wmaxðx; yÞ;2y dy
 	
¼ 1
2
X
n
X
m
X
i
np
b
 2
W 0mnW
0
in sin
mpx
a
sin
ipx
a
; ð15Þwhere the prime identiﬁes the amplitude values of the corresponding terms obtained in the previous iteration.
Given static tension in the wire, the pre-strain es is immediately available. Subsequently, the area enclosed
within the inner hysteresis loop limited by the strains emax = es + De, emin = es  De can be found asDUd ¼
Z
V w
I
e
rðeÞdedV w; ð16Þwhere the integration is conducted over the volume of wire Vw. This area represents the amount of energy dis-
sipated in the wire during a cycle of motion. Note that a relatively simple method of calculation of energy
dissipated during a cycle of motion corresponding to an incomplete transformation based on the complex
modulus approach was suggested by Gandi and Wolons (1999). The model of Masuda and Noori (2002)
can also be used to evaluate the dissipated energy corresponding to the inner hysteresis loop.
Let the wire be replaced with a uniaxial continuous equivalent viscous damper with the damping coeﬃcient
Cwy. The energy dissipated in such damper during one cycle of motion would be (Soedel, 1993)DU 0d ¼
1
2
Z 2p=x
0
Z b
0
Cwy _w2ðx; yÞdy dt ¼ b
4
Cwy
Z 2p=x
0
X
m;n
X
i;n
_W 0mnðtÞ _W 0inðtÞ sin
mpx
a
sin
ipx
a
dt: ð17ÞThe requirement DUd ¼ DU 0d results in the expression for the damping coeﬃcient of the wire. The hysteresis
damping in the system of wires can subsequently be determined from (4).
It is worth mentioning that the area enclosed within the hysteresis loop and the associated damping depend
on the loading rate (see for example, Gandi and Wolons, 1999). Accordingly, the damping coeﬃcient derived
using the approach shown in this section depends on the frequency of the applied dynamic load. While this is
an interesting feature of the problem, according to the numerical examples shown below the eﬀect of damping
on the amplitude of forced vibration of the plate remains negligible as long as the driving frequency is close to
or smaller than the fundamental frequency of the plate without SMA wires. In the contrary, the recovery
forces in SMA wires have a profound inﬂuence on the amplitude of motion in this range of driving
frequencies.2.3. SMA wires in sleeves connected to the plate at discrete points
An alternative approach to design can employ SMA wires in the sleeves, or even without sleeves, connected
to the plate at a number of points, rather than along a continuous line. For example, the concentrated force
transmitted from the wire to the plate at the attachment points can be found for the cases shown in Figs. 5 and
6.
It is easily shown that the reaction of a wire attached at the mid-point (Fig. 5) and oriented in the x-direc-
tion is given byRw1  4T wa : ð18ÞThe forces transmitted to the plate by a wire attached at three symmetric points (Fig. 6) are
Plate  
a/2 
x              SMA wire 
    w1R
         w 
Fig. 5. Prestressed SMA wire connected to the plate at a single point. The lower ﬁgure illustrates a deformed shape of the wire (bending of
wire is neglected due to prestress and a large diﬀerence between its natural frequency and the frequency of the driving load).
   3wR ′′ 3wR′             3wR ′′
                
        w2    w1  w2
a2  a1          a1       a2
Fig. 6. Deformed shape of a SMA wire connected to the plate at three points.
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w1  w2
a1
R00w3  T
w2
a2
 w1  w2
a1

 
:
ð19ÞObviously, each force can be represented as a linear function of displacements of the points of connection of
the wire to the plate. It is assumed that the wires are suﬃciently stretched so that their bending between the
points of connection to the plate during vibrations can be disregarded.
The elastic reactions of SMA wires can now be represented in terms of functions of deﬂections of the con-
nection points, so that the reaction at a point (xi,yj) supported by wires in both x and y directions isRwðxi; yj; tÞ ¼ aijwðxi; yj; tÞ þ aði1Þjwðxi1; yj; tÞ þ aðiþ1Þjwðxiþ1; yj; tÞ þ aiðj1Þwðxi; yj1; tÞ
þ aiðjþ1Þwðxi; yjþ1; tÞ: ð20Þwhere the subscripts identify the points of wire connection to the plate and the coeﬃcients aij are easily
available.
Collecting the reactions of SMA wires at all connection points the overall reaction of the system of wires
can be represented bypw ¼
X
i;j
kijwðxi; yj; tÞ; ð21Þwhere kij are coeﬃcients dependent on the prestress of wires and the location of the connection points.
The Galerkin procedure applied to the equations of motion yields the following coeﬃcient at the corre-
sponding term in (11):Krsmn ¼ 4ab
X
r;s
krsSrmðxrÞSsnðysÞ: ð22Þ
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2De is evaluated as explained above (see (16)). The energy dissipated due to an equivalent viscous damping is
determined using the velocities of the wires at the connection points. For example, for the wire oriented along
x ¼ x and connected at N points x ¼ x, y = yk (k = 1, 2, . . . N) the energy dissipation due to an equivalent sys-
tem of viscous damping elements at these points is calculated fromDU 0d ¼
1
2
Z 2p=x
0
Z b
0
C0wydðy ykÞ _w2ðx; y; tÞdy dt
¼ 1
2
C0wy
X
k
Z 2p=x
0
X
m;n
X
i;j
_W mnðtÞ _W ijðtÞ sin mpxa sin
ipx
a
sin
npyk
b
sin
jpyk
b
dt: ð23ÞEquating the energy dissipation given by (16) to that according to (23) it is possible to evaluate the equivalent
viscous damping. The damping eﬀect applied at all connection points can now be written in the form similar to
(21), i.e.pd ¼
X
i;j
c0ij _wðxi; yj; tÞ: ð24ÞIn (24), is c0ij a damping coeﬃcient accounting for the equivalent viscous damping produced by all wires con-
nected to the plate at the point x = xi, y = yj.
The term reﬂecting viscous damping in equations of motion (11) becomesCrsmn ¼ 4ab
X
r;s
c0rsSrmðxrÞSsnðysÞ: ð25ÞThe inertial terms in equations of motion must reﬂect the fact that wires are connected at a limited number of
points (xi,yj). The corresponding contribution to rotational inertias can be neglected. If the mass of wires and
sleeves at the point (xi,yj) is mij, the mass per unit surface area ismðx; yÞ ¼ qphþ
X
i;j
mijdðx xiÞdðy yjÞ: ð26ÞAccordingly, the corresponding coeﬃcient in (11) isMrsmn ¼ qphþ
4
ab
X
i;j
mijSrmðxiÞSsnðyjÞ: ð27Þ2.4. Thin plate supported by SMA wires
If the plate is thin all previous derivations concerning the stiﬀness and damping contributions of SMA
remain unchanged. The equation of motion becomesD11w;xxxxþ 2ðD12þ 2D66Þw;xxyy þD22w;yyyy þmðx;yÞ€wþ ½c1ðxÞþ c2ðyÞ _wþ ½k1ðx;yÞþ k2ðx;yÞw¼ qðx;y; tÞ:
ð28ÞThe deﬂection represented by the ﬁrst series (10) satisﬁes boundary conditions for a simply supported plate.
Upon the substitution of the deﬂection into (28) and the application of the Galerkin procedure the equations
of motion becomeX
r;s
Mrsmn €W rs þ Crsmn _W rs þ KrsmnW rs
 þ F mnW mn ¼X
rs
qrsmnðtÞ; ð29Þwhere the coeﬃcients Mrsmn, Crsmn, Krsmn and qrsmn(t) are not altered compared to the case of a shear deform-
able plate. The coeﬃcient reﬂecting the stiﬀness of the plate isF mn ¼ D11 mpa
 4
þ 2ðD12 þ 2D66Þ mpa
 2 np
b
 2
þ D22 npb
 4
: ð30Þ
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The eﬀectiveness of the proposed method was illustrated on the example of composite and isotropic plates
supported at the center by two mutually perpendicular SMA wires, each of them parallel to a pair of plate
edges. The load was represented by a harmonic pressure with the frequency close to the fundamental fre-
quency of the plates without activated SMA wires. The plate considered in Figs. 7–9 was cross-ply symmet-
rically laminated and manufactured from AS/3501-6 graphite epoxy. The example in Fig. 10 is shown for an
aluminum Al 2024 plate. The force in the wires was estimated based on the recovery stress of 220 MPa
recorded by Cross for nitinol (Cross et al., 1970). For example, the recovery force in a 5-mm diameter wire
would be equal to T = 4.32 kN. This estimate determined the range of recovery forces considered in the exam-
ples. The driving frequencies considered in the examples were in the vicinity of the fundamental frequency of
the plate without SMA wires. As is shown in Section 3.1, the eﬀect of hysteretic damping is negligible in this
range of frequencies compared to that of the recovery force in SMA wires. Accordingly, the following results
were generated without accounting for this eﬀect, except for several representative cases that conﬁrmed the
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Fig. 7. Eﬀect of SMA wires supporting the center on the amplitude of vibrations of a square AS/3501-6 plate (a = b = 1.0 m, h = 4.0 mm).
Case 1: T = 3.0 kN, case 2: T = 6.0 kN, case 3: T = 9.0 kN.
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Fig. 8. Eﬀect of SMA wires supporting the center on the amplitude of vibrations of a square AS/3501-6 plate (a = b = 1.0 m, h = 2.0 mm).
Case 1: T = 1.0 kN, case 2: T = 2.0 kN, case 3: T = 3.0 kN.
0.85 0.9 0.95 1 1.05 1.1
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
Nondim. frequency
1
2
3
R
Fig. 9. Eﬀect of the size on the amplitudes of vibrations of a 4-mm thick square AS/3501-6 plate supported at the center by SMA wires
with the recovery force equal to 3 kN. Case 1: a = b = 0.75 m, case 2: a = b = 1.0 m, case 3: a = b = 1.25 m. The axis ‘‘Nondim.
frequency’’ refers to the ratio x/xn for the corresponding plate.
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Fig. 10. Eﬀect of SMA wires supporting the center on the amplitude of vibrations of a square aluminum (Al 2024) plate (a = b = 1.0 m,
h = 4.0 mm). Case 1: T = 2.0 kN, case 2: T = 4.0 kN, case 3: T = 6.0 kN.
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ratio of the driving frequency to the fundamental frequency of the plate without wires and a reduction in the
amplitude of motion, i.e. the ratio of the amplitude of the plate with SMA wires to the amplitude of the same
plate without such wires (R). As follows from Figs. 7 and 8, it is possible to signiﬁcantly reduce the amplitude
of motion of AS/3501-6 plates using SMA wires that support them at the center. The maximum reduction was
achieved at the fundamental frequency. At lower driving frequencies the eﬀectiveness of the method was
reduced but it was still signiﬁcant, even when the driving frequency was equal to 75% of the fundamental fre-
quency value. At higher driving frequencies the presence of SMA wires that support the center of the plate
becomes counterproductive due to the resonance in the plate–wire system whose fundamental frequency is
higher than that in the plate without wires. Accordingly, the proposed method is eﬀective only if the driving
frequencies remain close to or smaller than the fundamental frequency of the plate without activated SMA
wires. Predictably, a larger recovery force in SMA wires increases their eﬀect on the amplitude of vibrations.
Thinner plates (Fig. 8) are more aﬀected by the presence of wires than thicker and stiﬀer counterparts (Fig. 7),
even though the recovery force generated in the wires supporting the former plates was smaller.
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Fig. 11. Eﬀect of SMA wires providing continuous support on the amplitude of vibrations of an aluminum (Al 2024) beam (a = 1.0 m,
h = 3.0 mm, b/ly = 2). Case 1: T = 0.5 kN, case 2: T = 1.0 kN, case 3: T = 1.5 kN.
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plates that have a lower stiﬀness are aﬀected by SMA wires to a larger degree than their otherwise identical but
smaller counterparts. Finally, the results for aluminum plates shown in Fig. 10 conﬁrm all conclusions previ-
ously discussed in regard to Figs. 7 and 8.
The eﬀect of SMA wires embedded in sleeves that are oriented in the x-direction and continuously bonded
to a large aspect ratio plate with simply supported short edges and free long edges (essentially, a beam) is
shown in Fig. 11. As follows from this ﬁgure, a continuous elastic support provided by SMA wires can be
as eﬀective as the concentrated resisting force considered in the previous examples signiﬁcantly reducing
the amplitude of forced vibrations.
While the previous examples clearly illustrate the beneﬁts of two methods of passive vibration control con-
sidered in the paper, it is necessary to estimate the additional weight added to the structure as a result of using
SMA wires. The weight of sleeves can be assumed negligible compared to that of wires, i.e. it is suﬃcient to
compare the weight of SMA wires necessary to develop prescribed tensile forces to the weight of the supported
structure. For example, the weight of SMA wires necessary to develop the tensile force T = 4.32 kN in the
plates considered in Fig. 7 represents about 5% of the weight of the plate. In the example considered in
Fig. 11, the weight of SMA wires necessary to develop the force T = 1.5 kN was equal to 5.4% of the weight
of the structure. These estimates illustrate that it is possible to control forced vibrations of composite and
isotropic plates and beams using SMA wires that add only a small fraction to the overall weight of the
structure.
3.1. Estimate of the contribution of hysteretic damping to a reduction of the amplitude of forced vibration
It is instructive to estimate the contribution of damping to a reduction of the amplitude of motion depicted
in Figs. 7–11. The loss of energy in Nitinol wires was considered in the paper of Gandi and Wolons (1999) for
various frequencies of vibration and temperatures. As follows from the results shown in this paper, the damp-
ing ratio of the superelastic Nitinol increases with a decrease in the frequency of motion. Furthermore, damp-
ing decreases with a larger static oﬀset (static prestress). A higher temperature also contributed to a decrease in
damping. Consider for example the estimate of damping based on data from Fig. 13 of the above-mentioned
paper for the case of the driving frequency equal to 4 Hz (room temperature, strain range of 3.93%). The loss
factor corresponding to a complete hysteresis loop obtained as a ratio of the loss modulus to the storage mod-
ulus was approximately equal to g = 2.5 · 105 psi/13.0 · 106 psi = 0.192. However, as explained bellow, such
loss factor cannot be attained in the conﬁgurations considered in the paper since the actual strain range is lim-
ited by the allowable strain in the plate material.
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a single degree of freedom system. In the presence of hysteretic damping, the motion of such system is char-
acterized by Nashif et al. (1985):m0€w0 þ k0ð1þ ig0Þw0 ¼ Re F eixt ; ð31Þ
where the terms with the prime identify the mass, stiﬀness, displacement and loss factor (prime is used to dis-
tinguish these terms from the notation in the previous part of the paper) and the term in the right side repre-
sents the driving force.
The motion of the system described by (31) is immediately available, the amplitude being equal toW 0 ¼ Fﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðk0  m0x2Þ2 þ k02g02
q : ð32Þ
The reduction factor representing a ratio of the amplitude of motion with hysteretic damping to that without
such damping is given byRd ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 x=x0n
 2h i2
1 x=x0n
 2h i2 þ g02
vuuuut ; ð33Þwhere x0n is the fundamental frequency of the system with activated SMA wires.
Note that the loss factor in (31)–(33) is diﬀerent from the factor evaluated above since it must account for
the cross sectional area and number of SMA wires. In the ﬁrst-approximation quantitative analysis one can
assume that SMA wires are smeared over the surface of the plate so that their damping is incorporated in the
properties of the plate material. This implies that g 0 = Vwg where Vw is a ratio of the volume of SMA wires to
the volume of the plate.
It is obvious that in eﬃcient applications the ratio Vw should be small. As indicated above, the desirable
eﬀect of the recovery stress in SMA wires could be achieved when their weight was of an order of 5% of
the weight of the plate. Hence it may conservatively be assumed that the volume of SMA wires will not exceed
10% the plate volume, i.e. Vw 6 0.1. The frequency ratio in (33) can be estimated considering the stiﬀening of
the plate produced by the recovery forces in the wires that eﬀectively ‘‘shifts’’ the fundamental frequency to
larger values as reﬂected in Figs. 7–11. It is estimated that such ‘‘shift’’ was no less than 20% (a slightly smaller
shift is possible in case 1 in Fig. 10). Hence if the driving frequency is equal to the fundamental frequency of
the plate without SMA wires, the ratio x=x0n 6 0:83.
It remains to estimate the actual loss factor corresponding to the incomplete hysteresis loop as against the
factor for the complete loop. The range of strain allowable for both cross ply graphite/epoxy and Al 2024
plates considered in the examples is under 1%. At such limited range of strains, the discrepancy between
the loss factors for various strain rates becomes small (see Fig. 7 in the paper by Gandi and Wolons,
1999). Moreover, the value of the loss factor decreases compared to that for a large range of strain. For exam-
ple, if the amplitude of strain is about 0.5%, the extrapolation of data in Fig. 7 of the above-mentioned paper
yields the loss factor that is approximately equal to 0.12. Using this value in (33) with Vw = 0.1 one obtains the
reduction factor equal to 0.999. Hence if a plate driven at its fundamental frequency vibrates with the strain
amplitude approaching 0.5%, the eﬀect of hysteretic damping is negligible. The hysteretic damping becomes
even less important at smaller frequencies but its eﬀect increases at higher frequencies. Obviously, this eﬀect
dominates when x=x0n ! 1:0.
4. Conclusions
The paper presents a methodology of the dynamic analysis of composite and isotropic plates supported by
SMA wires. The solution is obtained for shear deformable plates using the ﬁrst-order theory and for thin
plates by the classical plate theory. Two designs of SMA reinforcements are considered, including wires in
sleeves that are continuously bonded to the surface of the plate and wires attached to the plate at selected
334 V. Birman / International Journal of Solids and Structures 45 (2008) 320–335points. In the ﬁrst method, the spacing of wires can be nonuniform to achieve the maximum eﬀectiveness using
the prescribed amount of SMA. Similarly, in the second case, the points of attachment of SMA wires to the
plate can be chosen to maximize their eﬀect.
SMA wires considered in the paper are prestressed through the phase transformation. It is assumed that
they operate in the austenitic phase. Accordingly, SMA wires reduce the amplitude of forced vibrations
through two mechanisms: (1) they resist deﬂections of the structure acting similar to an elastic foundation
and (2) dissipation of energy in the wires occurs as a result of the hysteresis. The former mechanism dominates
when the driving frequency is close to or smaller than the fundamental frequency of the plate determined with-
out accounting for the eﬀect of SMA wires, while hysteretic damping becomes important at higher driving fre-
quencies approaching the resonant value for the plate with prestressed SMA wires.
Numerical examples presented in the paper conﬁrm that SMA wires supporting composite and isotropic
plates can serve as an eﬀective tool for passive vibration control. The wires eﬀectively ‘‘shift’’ the resonance
frequencies of the plate to larger values. Therefore, they should be used selectively, only in applications where
the spectrum of driving frequencies is known in advance.Acknowledgements
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mangers were Drs. Bruce LaMattina and Gary L. Anderson.Appendix. Eﬀect of prestressed SMA wires on the amplitude of forced vibrations of a composite or isotropic beam
The study by Epps and Chandra (1997) illustrated that SMA wires can increase the natural frequencies of a
composite beam. This Appendix provides an approximate formula that predicts the eﬀect of such wires on the
amplitude of forced vibration that occur in the frequency range where it is possible to neglect hysteretic
damping.
Consider a large aspect ratio plate or a slender beam supported by a system of SMA wires oriented along
the long edges of the plate or along the beam axis (see Fig. 1 where a b). The plate (beam) subject to a uni-
form harmonic pressure per unit length p = p sinxt is simply supported at x = 0 and a and free along y = 0
and b. The approximate solution is obtained by the Rayleigh–Ritz method assuming the mode shape of
motion in the formw ¼ 4W ðtÞða xÞx
a2
: ðA1ÞExpression (A1) satisﬁes kinematic boundary conditions. The static conditions are violated but this is accept-
able using the Rayleigh–Ritz method.
The strain energy of the elastic foundation provided by a system of SMA wires isUw ¼ b
2
Z a
0
k2w2 dx ¼ 4Tb
3lya
W 2: ðA2ÞThe strain and kinetic energies of the vibrating plate (beam) areUb ¼ b
2
Z a
0
D11
d2w
dx2

 2
dx ¼ 32D11 ba3 W
2
K ¼ 1
2
Z a
0
m _w2 dx ¼ 4
15
ma _W 2;
ðA3Þrespectively, where m is the mass per unit length.
The work of the applied pressure is found asUp ¼
Z a
0
pwdx ¼ 2
3
paW : ðA4Þ
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15
ma €W þ 8
3
T
a
b
ly
Wþ 64D b
a3
W ¼ 2
3
pa: ðA5ÞIn the absence of SMA wires the natural frequency found from (A5) is 11% higher than that available from the
exact solution. Therefore, representing the motion in the form (A1) is adequate for a qualitative analysis only.
Characterizing the forced response by W ¼ eW sin xt, the amplitude of motion found from (A5) is obtained
aseW ¼ 2pa=38max2=15þ 8Tb=3aly þ 64D11b=a3 : ðA6Þ
The ratio of the amplitude of forced vibrations with the SMA eﬀect to that without such eﬀect can be pre-
sented in the formR ¼ 1 x
2
1 x2 þ Ta3=24D11l2y
; ðA7Þwhere x ¼ x=xn. Note that it is implicitly assumed in (A7) that the eﬀect of SMA wires and sleeves on the
mass of the structure is negligible.
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